Klein Factors in multiple Fractional Quantum Hall edge tunneling 
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A fractional quantum Hall liquid with multiple edges is considered. The computation of trans- 
port quantities such as current, noise and noise cross correlations in such multiple edge samples 
requires the implementation of so called Klein factors, which insure the correct quasiparticle ex- 
change properties. The commutation relations of these factors are obtained by closing the system 
into a single edge. The non-equilibrium Green's function formalism associated with such factors is 
derived for a simple Laughlin fraction of the Hall effect. It is shown explicitly how Klein factors 
enter the calculation of the noise cross correlations, as well as the correction to the Poisson limit for 
the noise. 
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The edge state picture of the fractional quantum Hall 
effect ||l| (FQHE) has led to fundamental discoveries. 
Various systems have been studied to analyze the quasi- 
particle excitations which tunnel through such quantum 
fluids In particular, for a point contact geometry 

with two edges, the detection of the backscattering noise 
leads to the measurement of the quasiparticle charge . 
At the same time, resonant antidot tunneling geometries 
have allowed a capacitive measurement of the charge H] 
in multiple edge geometries. Aside from this situation, 
multi edge geometries have not received much attention. 
Yet it was argued recently Q that the detection of noise 
correlations in a three edge system constitutes a direct 
link to the quasiparticles statistics. One edge can be de- 
pleted due to the tunneling of quasiparticles into other 
edges. The Hanbury-Brown and Twiss type geometry |^] 
of Ref. Q probes whether two quasi-holes on the inject- 
ing edge are allowed to overlap. Here, the key point is 
that quasiparticle edge tunneling operators need to be 
supplemented by Klein factors in order to specify the 
statistics. Klein factors were so far mostly introduced 
to tackle fermionic problems yet it seems that their 
implementation is quite relevant for complex fractional 
Hall geometries. 

The purpose here is to give a pedagogical view of how 
fractional statistics enters these multiple edge geometries: 
which (fractional) phase is generated when two quasi- 
particles from different edges are exchanged ? We fo- 
cus on Laughlin filling factors v = (2p -I- I)~^ (p inte- 
ger). First, specifying a quasiparticle tunneling Hamilto- 
nian, we derive the algebra which is obeyed by Klein fac- 
tors. Next, we introduce the Keldysh Green's functions 
for the Klein factors. These tools are then applied to 
study the non-equilibrium current and noise correlations 
in a multi-edge system. In particular, it will be shown 
that Klein factors are unnecessary for simple, two edge 
samples. Finally, we argue that when considering the 
non-equilibrium average of a tunneling operator between 
two edges, there remains always a contribution associated 
with Klein factors, which is symptomatic of quasiparticle 
exchange with other edge "reservoirs" . 




FIG. 1. Multiple edge geometry: tunneling processes Ti 
between the injecting edge specified by </>o and other edges, 
with fields labelled <j)-i, 4'2,---, 0jv. Curvilinear abscissas 
(s, s'l, S2, ...) are attached to each edge. In our disconnected 
edge geometry only the full lines defining the edges are kept. 
When considering the connected, single edge problem the dot- 
ted lines are added to fix the topological constraints. Inside 
frame shows how the transport properties in T2 are alTected 
by the fiuctuating current in T\ . 

Our starting point is the Hamiltonian Q which 
describes a system of decoupled edges Hq = 
{vfTt-I '^T^)^f^Q j ds{ds4>if' with s the curvilinear ab- 
scissa. The fields ds(t>i enter the description of long wave 
length excitations along each edge. 

Tunneling between edge and the other edges is de- 
scribed by the hopping Hamiltonian M : 
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if}] cre- 



ates a quasiparticle excitation with charge e* = ve on 
edge I. Here "0" refers to a specific edge where, for 
instance, current can be injected into the others. A 
voltage bias can be imposed as usual using the Peierls 
substitution, i.e. e*x/(i) = fiojQct for a constant DC 
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bias Vi = hujo/e* imposed between edges and I. The 
quasiparticle operators are written in a bosonized form 
ipi{s) = (27ra)-i/2e-*\/^'^'('') with a a short distance 
cutoff. Note that no fractional statistics is taken into 
account when quasiparticlcs from different edges are ex- 
changed, whereas [ p^ : 
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on a given edge. Fractional statistics is a consequence of 
the Laughlin correlated state describing the FQHE. The 
commutation relations for the ipi 's should originate from 
the derivation Chern-Simons boundary action. Here, 
we conjecture that the commutation relations are sim- 
ilar to those for a system of connected edges. For this 
reason, Klein factors are introduced, which means that 
each quasiparticle operator V'; is changed to Fi^pi. The 
requirement of unitarity, Fi = FiF^ = 1, is consistent 
with the fermionic case {v — 1). 

Consider a closed system (Fig.|l|) where edges are con- 
nected with an open contour which brings all the edges 
into one. Klein factors are not necessary in this system 
because the commutation relations of tunneling opera- 
tors are enforced by the single chiral bosonic field 0. Yet, 
by looking at the commutation relations of different tun- 
neling operators we show below that for a system with 
the same topology but where edges are disconnected, the 
Klein factors can be computed. The operator describing 
tunneling from edge "0" (location si) to edge "Z" (loca- 
tion s'l) reads T; = (27ra)-ie'v^'^("') g-iV^<t>(s[) _ 

Using the Baker-Campbell-Hausdorff formula [pj] , 
one can compute the commutator of two tunnel oper- 
ators: 



1 



-iiTv[sgn(sj -Sk)+sgn(s'- -s'^)] 



(3) 



Chirality imposes that sgn{sk — Sj) = —sgn{s'j — s'f.) if 
the two tunneling paths do not cross. In this convention, 
which will be kept throughout the paper, [Tj, Tk] = 0. In 
the opposite situation where the tunneling paths have a 
crossing, TjTk = e2"'^«s"(«.-*'fc)TfcTj. 

We now turn to the same system (same topology) de- 
picted in Fig. [| but where all edges are disconnected. In 
order to enforce fractional statistics, we introduce Klein 
factors in such a way that the tunneling operators become 

— V'o(sOV'i(si)-^of/- We require that the commutator 
of the tunneling operators of this disconnected system 
give the same results as the connected one. The Klein 
factors thus have to satisfy the relation : 
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Eq. (^ is compatible with fractional statistics, i.e. 
FjFk = e-'^'^P^'' FkFj , for j k where pjk = ±1. For 
arbitrary j and fc, pjk are the elements of an antisym- 
metric N X N matrix with elements 0, 1, —1 which are 



tied to the edge configuration. Using Eq. (Q), we find a 
connection between the elements pjk and the sign of the 
algebraic distance : sgn{sk — sj) = pko +Poj +Pjk- If for 
instance k = 2 and j = 1 with sgn{s2 — si) ~ 1, we can 
choose : poi = -1 = -Po2 = -Pi2- 

These statistical constraints are now applied to a de- 
fine problem of fractional Hall edge transport: the com- 
putation of current and noise correlations associated with 
several tunneling processes. We return to iV + 1 edges in 
the previous system with N tunnelings paths. We repre- 
sent the current on lead I using the Keldysh formulation 
of non-equilibrium transport: 
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where r\ labels the branch of the time ordering contour 
K. 

The cross current fluctuations (i.e. the noise correla- 
tions) between two leads j and k are given by: 

S.kit^') = ^(TK/,(t'')/fe(i'-'')e-^/-^*^*^^'*^) (6) 

r)=± 

The perturbative computation of these operators is 
achieved by expanding the evolution operator. The fi- 
nite frequency noise Sjk{uj) — J^n^fki'^) C*^'^ order in 
Fj 's) is the Fourier transform of the real time correlator 
(Eq. (§)). The {n + 2)*'' order of the noise is : 
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The lowest non-vanishing contribution to the noise in a 
given terminal (j = k) is of order 2 in the tunneling am- 
plitude, i.e. the Poisson result. The cross correlations 
require to compute the 4*'' order contribution. For ex- 
ample, the non-vanishing contribution to noise correlator 
between two terminals (j < k) : 



exp 
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(8) 
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To this order, the Keldysh ordered product contains the 
product of two contributions. One of such originates from 
the computation of the average of the bosonic fields as- 
sociated with each edge. This contains the dynamical 
aspect of these fields, and gives rise to exponentiated chi- 
ral Green functions. The other factor has no dynamics 
other than that specified by time ordering; It contains 
the Klein factors: 
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where Skj = Sk — Sj. The contraction of the chiral fields 
gives rise to quasiparticle conservation laws e = —ej and 
e' = — Efc . It is most convenient to compute the time 
ordered Klein factor product using a bosonization for- 
mulation similar to that used for the quasiparticle fields: 
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Introducing the fact that sgn{sk — sj) = 1 in Eq. ^ , 
we find (using the Hausdorff formula) that [9j,9k] — itt. 
From the fields 9i, annihilation and creation operators a 
and flt can then be defined as a = —^(dj + iOk), with 

V 27r 

the usual property that (0^0)0 = ("ground" state) and 
(aat) = 1. 

The ground state expectation value of products of 
the bosonic fields reads: 



fe)o = -{OkOj)o = if and 



Because we are dealing with a non-equilibrium trans- 
port situation, a Keldysh matrix is introduced for the 
bosonic fields of Eq. ( p^ ) : 



(11) 



For the same tunneling events one finds g^^^^^(t) = f . 

The application of these Klein factor Green's function 
is most relevant when considering time ordered products 
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{I, I' — j, k) which vanishes unless J2T=i = 0. 

Consider first the case of a two edge system, where only 
one Klein factor is necessary. In Eq. (p^), the tunnel lo- 
cations are I = I' = 1, so that the only Green's function 



present is gj^^it) = 7r/2. Together with the requirement 
of Eq. (|lj) to give a non-zero result, the term in the ex- 
ponential then vanishes. This completes the proof that 
for a two edge system, when computing non-equilibrium 
averages for the current, the density fluctuations or the 
noise, the Klein factors do not contribute and this, 
order by order in the perturbation series. 

We now turn to the computation of the zero frequency 
current cross correlations between tunneling paths 1 and 
2 in presence of a DC bias. Eq. (^) is integrated over t: 

Sjk{uJ = 0) = ^ ^ ^e'mm I dt 1 dti 1 dt2 

VV1V2 cc' 

l-'^J^fcl^ iwo[e(t-ti)-e't2]„2iy[G^^i(0,t-tl)+G-,,2(0,-t2)l 

(2^a)4 

i- f re'^-l) (13) 
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Where the Klein factor time ordered product reads : 

(14) 

Note that the product of current averages {Ij){Ik) has 
to be subtracted before computing the Fourier transform. 
The resulting expression then identifies with the noise 
correlator which is typically measured in experiments 
jlSf . Because of the symmetry properties of the Keldysh 
Greens function, only the configuration rji = —77 = —772 
needs to be considered and the configuration e = — e' is 
chosen. Indeed, this turns out to be the relevant configu- 
ration which generates a series solution of the noise cor- 
relations 1^. Choosing the Klein factor correlator with 
e = +: 



(TKe- 
= exp 

X exp 
= exp 



-^yi7e,(t'')giv^7e,(0-'')g^^/;7e,(t^l)g-^V^efe(t,^2)^ ^ 

'^{9rit)+9rit-h)-gTkit-t2))'_ 

{-9kn-h) + gkk''i-t2)+g;k"\h t2) 



V 



7] (sgn(-ti) - sgn{t - 12)) 



(15) 



The Klein factor contribution with e = — is simply the 
complex conjugate of Eq. (p^). This term is crucial for a 
correct description of the noise cross correlations in the 
FQHE. For v = 1, it allows to recover the negative cor- 
relation result obtained with scattering theory |]l^. For 
u = 1/3, the noise correlations exhibit an anti-bunching 
behavior, which is weaker than the integer case. 

Finally, we turn to the computation of non-equilibrium 
averages attached to a given lead: the zero frequency cur- 
rent fluctuations in lead 1, denoted 5*^(0; = 0). Pertur- 
bation theory tells us that there are two contributions to 
the current and noise: 
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(Ij)o and Sj invoke only the tunneling operators Tj and 

between edges and j. As discussed above, these 
terms do not involve Klein factors as they couple only 
two edges, and they thus correspond exactly to the cur- 
rent and noise in a two terminal system derived in Pq] : 
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with p{9) the kink density, {9 — 9b) the kink trans- 
mission probability and the barrier height appears via 
the kink parameter 9b- Its leading order is proportional 
to iFjp, the Poisson limit. On the other hand, the sec- 



ond contribution of Eq. ([IJ) involves additional tunneling 
processes between the injecting edge and other edges 
k, for instance k > j. In perturbation theory, these ad- 
ditional terms are proportional to |r^r^ P {PiP' > 1) 
and they signal the possibility that quasiparticles from 
an external "reservoir" (edge k) are exchanged with the 
injecting edge 0. The leading order jr^Tfep correction to 
the Klein factor contribution reads: 



Sf{LU = 0) = 
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gii^o[et+e'(tl-*2)]g2!y[G„_^(0,t)+G^i^2(0,ti-t2)] 
lyee' [G^^j (-a,t-t2)+G_,,,,;^ (-a,-ti)] 

X ( f re'«' - 1 
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Where the Klein factor time ordered product reads: 



-jev^ej(t'') iev^ffjCO-") -Je'v^efc(t;'i) je'v^efc(i™). 



gi^7rgW7r£c'((j)+r;2)sgn(t — t2) + (-r(+i7i)sgn(-ti))/4 
iiy-Jree' {-{ri+rii)sgn(t~ti) + {ri-ri2)sgn{-t2)) /i 



gate, and the whole system requires once again three 
edges. 

The current and the noise contain an "exact" contri- 
bution where all other tunneling processes are discarded, 
together with Klein factor corrections. This latter contri- 
bution illustrates how current and noise are affected by 
the presence of additional stochastic contributions. It is 
symptomatic of a tunneling process (T2) which is influ- 
enced by another via a non linear coupling (Ti): in Fig. 
|l|, the fluctuations at 1 propagate to the right along the 
bottom edge, affecting all transport properties at 2. In 
the language of quantum dissipative systems, it can be 
mapped to the problem of a brownian motion ||l7|| in a 
periodic potential with two coupled particles. 

T.M. acknowledges support from the LSF program at 
the Brown Submicron Center of Weizmann Institute. 



(20) 



The calculation of the current and its contribution {Ii)k 
linked to the Klein factors follows the same guidelines, 
except that the Keldysh evolution operator in Eq. (|^) is 
expanded to third order. 

In conclusion, a systematic procedure is provided for 
computing transport quantities such as current, noise, 
noise correlations in multiple FQHE edges. Generaliza- 
tions to hierarchical fractional Hall states and to multi- 
quasiparticle tunneling are envisioned. Multiple quan- 
tum Hall edge transport problems are necessary to ad- 
dress the nature of the statistics of the underlying exci- 
tations: the computation of the noise cross correlations 
requires Klein factors. Multiple edges allow to study 
fractional quantum transport through a constriction of 
a prepared fluctuating injecting current [ p6[ . This inject- 
ing current fluctuates because of passage through a prior 
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